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10 THEORY OF NUMBERS

To_show that d = ged (a. b)
By Division Algorithm, there exists integers ¢ and r such that
a=qd+r, where 0<r<d ;
Then r can be written in the form '
r=a-qd=a-qlax+by)=a(l-qx)+b(-qy).
If r > 0, then this representation would imply that 7 is 2 member of §
- contradicting the fact that d is the least integer in §. Therefore r = () and xe
a = qd or equivalently d | a.
Similarly, by Division Algorithm, there exists integers q, and r, such
‘that b=gqd+r, where O0<r,<d.-

Then r, canbc written in the form

n=b-qd=b-q,(ax+by)=al-q,x)+b(1-q,y).

Ifr, > 0, then this representation would imply that r, is a member of 3
contradncung the fact that d is the least i integer in §. Thcrcfore r,=0and so #
b = q,d or equivalently d | b.

Thus d is a common divisor of ¢ and b.

Now let ¢ be an arbitrary positive common ﬁmdt‘ﬁe% "

and b. Butc|aand c |bimplies ¢ | ax + by i.e.,c|d Also c|dimplie
c=|c|<|d|=d Thus dis greater than any other common divisor of g
and b. Hence d is the greatest common divisor of ¢ and b.

o d=gcd (a, b).

Remark. A persual of the proof of the above theorem reveals that the
greatest common divisor of a and b may be described as the smallest

positive integer of the form ax + by. Consulcrmccascmwhlcha & and
b = 12. Here the set § becomes

S={8-1)+12-1, 8-0+12-1,8.1+12.0,. 1=1{4,12,8,...).
Here 4 is the smallest integer in § and 4 = gcd(S 12).

\/Cu'lary If a and b are given integers, not both zero, then thz sel
T'={ax+by: x. yare integers )

is precisely the set of all multiples of d = ged (a, b).

roof. Since d = ged (a, b), dtsaconmmndwuorofaandbl.e da
and d | b. Wekmwﬂ]atdlaanddlblrrmhcsd|ax+by for all integers
xandy. Pkncemrynnnberof?’uamultfpleofd

- a .










































THHORY OF NUMBIRS A5

¢ possible, letn be expressed as the product of prime fuctors in another
1y, 80 that
e gy dydy oy
here . Gy 4, e all prime numbers und ¢, < ¢, ... < q,,

~ Then PrPaPyv Py ® Gy Gy Qy ey o (1)
~ The above equation implies that p, | ¢, ¢, ¢, . . . q,, Hence, by
lu-y 2 of theorem 1, we get p, = ¢ _for some 1< s<m. Therefore
« Similarly since q, | p,p,py . Py we get g, = p, for some | < r<k
| mmfore q,2p, Hencep =q, We may cancel this common factor
m equation (1) and we get
| PPy P Byl q,,,

We now repeat the process to get p, = ¢, and in turn
PyPy Py = Gy Qy s Gy

_5 Ce numgmﬂusfasluon, if the 1nequahtyk<mwabtohold we would
tually arrive at

[l PO (VPRTRY

u nbaurd since each ¢,> 1. Similar is the case with k > m. Heme
HC P =40 Py=ay 0 = g, making the two factorizations of
pe of’lp'l;:s every pom.uve integer n> 1 can be expressed uniquely as
duct of primes,

]

- Any posmve imager n>1can h wrmen unlquelx??l é\ "




[ TTE yRY OF NI INMBERS

0 d 168 are
. “O() ¢
168) The canonit al form of )OI :;; ki
. (90, 109/ 5.42:§ an e et :
Jem ¢ go=2'3"" lows that theirl.c.m. mustbe a multiple of
g, it fe 2520. The above

o ql'}’ﬁ'] =

1.3) ';’lu:n:",,’.ll i qmux[ 1,0}, 7rnfl!.{ll.?}.

enerﬂlizmion.

an be written as
90, 168) = zmnd

lemd .
. othe following £ . . : onical form
This ‘mdsftbc o positive integers with the following cannon rm:
\ g
l“‘"""d w.b1 ... p"n where d, h, 20,
o and as=py Py P b

n.p " .
a=py Py P - on we assume that both decompositions contaiy
(In the above es p,. This 1s poss!

: ble by taking, if p. 1s not
bas i
ly the same prime Das : ‘ 5L
::::H'ofa a.=0and if ;18 qot a factor of b, h;=0.)
e max (gl | max (az.b2) _,_pnm{n,,.b,ﬂ.
Then lem(a.D)= P, 5 n
rimes. One of the question

s of primes 1S whether the number of primes
et the number of primes is infinite.

s that arise concerning the
is finite or infinite. Euclid

am 3. (Euclid) The number of Primes is infinite.

oof. If possible, let the number of primes be finite, say n. Let
RS, .. be primes in ascending order and p be the las
ben all the other numbers are composite and therefore should be
i at least one of"thc prime NUMbETS P, Py, «--s P, NOW
!‘ A R e B

mﬂ:n number is divided by p, or p, or py, ..., or by p,. the
3 ' ‘ leris Hm Pis r'wt exactly divisible by any of the prime numbers
PPy = P, + 16. Pis a prime number greater than p, ich
| comrary w0 o Pi Py - P,y WhicE
- contrry fo our assumption. Hence our suppositi number
- pnmes 1s finite, is absurd. Ther | gy o o

| ~ - Therefore the number of primes is infinite.

Remark 2. For a prime p, define p to be the product of all primes

are less than or a;]:;al bt:;; P- Numbers of the form p* + 1 might be
—~ numbers, because in Buclid’ '
.'MM' gy dppear in Euclid’s scheme for pro

interesting to note that in forming
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